Cart-Pole:

Equations of Motion

By Matthew Kelly

System:
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Dynamics:

Eqn 1 - force balance on the cart:
(F=Ty)i+ (N =Wy —T))j =mp

Eqn 2 - force balance on the pole:
(T) i+ (Ty — Wa)j = my ph

Eqn 3 - torque balance on pole about pivot:

(Po — 1) X (=Waj) = (Po — P1) ¥ (m2]32)

Kinematics:
pL =1 p2=p1t+Lé
T Pa=p1+Lé
Dy = #1 Pa=p1 +Lé

Unit Vectors:

sinfi — cos 6 j

6 =

f = cos@i+sinfj

é = 0n = Hcoshi+0sinbj
n=—0é = —0sinfi+0coshj
e =0n+0n =0n—06%¢
n=—0é+0é = —0e+6%n

Algebra:

—> Eqn 1 dot with horizontal direction:
F—T,=mi (i p1)

F—Tx:mlfé

—> Eqn 2 dot with horizontal direction:
T, = mo (i - Pa)
T, = mg (:He%- (éﬁ—éQé))

T, = mso (:}§+€ <«9 cos ) — 62 sin@))

—> Eqn 3 dot with out of page direction:
- {(Eé) x (—ms g]) = (¢¢) x (m2 (m+ze))}
—mg g £sin @ = mol (:c cos 6 + KH)

—g sinf = Fcosf + (0
—>» Combine Eqn 1 and Eqn 2 to cancel tension:
F—mq%=mso <£+€é cosf — (62 Sinﬁ)

= (m1+m2)£+m2€é0059— mo £ 62 sin 0

—> Write equations of motion in matrix form:

cos 4 T\ _ —gsinf
my +mg molcosh) \0) \F+msl6? sinf

)




